Abstract. The velocity potential around two spheres moving perpendicularly to the line joining their centers is given by a series of spherical harmonics. The appropriateness of the truncation is evaluated by determining the residual normal surface velocity on the spheres. In evaluating the residual normal velocity, a recursive procedure is constructed to evaluate the spherical harmonics to reduce computational effort and truncation error as compared to direct transformation or numerical integration. We estimate the lift force coefficient for touching spheres to be 0.577771, compared to the most accurate earlier estimate of 0.51435 by Miloh (1977).
Introduction
Vapor bubbles generated on a flat heating surface in forced convection boiling can be subjected to a bulk flow parallel to the heating surface and to the lift produced due to the pressure distribution. This lift may be of particular significance for those applications in which forced convection boiling is taking place at the microgravity conditions of space. Limiting cases for the general problem of a sphere at the vicinity of a wall are when the Reynolds number is very high and very low.
Leighton and Acrivos [1] investigated the lift on a small sphere touching a plane with a simple shear flow and concluded that the lift is too small to be significant relative to the drag at Reynolds numbers of 0(10-2). Drew [2] , investigating the lift force with Poiseuille flow in a channel for small Reynolds number (Re < 1), pointed out that the slip-shear interaction is decreased when the sphere is sufficiently close to the wall and enhanced when it is further away, and the magnitude of the wall contribution is too small to change the trajectory of the sphere. His result also showed that the lift force changes sign when the sphere is approximately three diameters from the wall. Cherukat and McLaughlin [3] experimentally examined the migration velocity of rigid spheres sedimenting near a large flat vertical wall with Reynolds number based on the diameter of the sphere in the range of 0.1-10. Their results of the migration velocity and the dependence of the migration velocity on the distance from the wall matches fairly well with the predictions of Vasseur and Cox [4] for Reynolds number up to 3.0. They also observed that a sphere touching the wall does not migrate as it sediments.
Here we shall examine the limiting case of inviscid flow, which in some sense represents the high Reynolds number flow around vapor bubbles. It is well known that high Reynolds number flow around a vapor bubble is effectively inviscid, since the shear stress at the interface is negligible compared with that for a solid sphere due to internal circulation. Therefore the existing solutions for the lift force for the cases of solid spheres at low Reynolds number flow may not apply to the case considered here. This reduces the problem to a potential flow of two spheres moving perpendicularly to the line joining their centers.
L. Li et al.
The problem was first considered by Hicks [5], among others. Their solutions used the method of images to determine the successive locations and strengths of dipoles that are added to the potential of a single moving sphere. Their method is not very effective and only approximate solutions were attained. Basset [6] gave an approximate solution by another kind of imaging method: the added terms are found by the transformation of spherical harmonics rather than by locating dipoles. Basset, as well as others, may not have realized that the procedure could also lead to an exact solution if terms of higher-degree, first-order spherical harmonics are retained. Herman [7] , with a method similar to that of Basset, gave the potential as a doubly infinite sum of derivative operators applied to the first order tesseral harmonics with increasing degree. Due to the complexity of the expression, he stated that it was incapable of full interpretation. Endo [8] gave the velocity potential in terms of bipolar coordinates, but was unable to provide an explicit expression for the coefficients of the potential. The bipolar coordinates system was also used by Love [9] to give an exact potential for the two-sphere problem. Weihs and Small [10] show that the bipolar coordinate system should not be used when two spheres are touching. Voinov [11] gave the potential as an infinite sum of repeated integrals in symbolic form by determining the location and strength of the dipoles. However, the exact expression of each term was not clear. Miloh [12] solved for the potential function as a series of spherical harmonics. The coefficients were determined by solving a truncation of an infinite set of equations by applying the boundary conditions. Here, we used the successive imaging method to give a general explicit expression for the coefficients. Since the velocity potential is given as an infinite series, the question of adequate truncation must be addressed. This is especially important when the two spheres are very close or touching, since the rate of convergence decreases. This is studied for the first time in the present work by examining the residual normal velocity on the sphere surface for different truncations of the potential function.
In section II, the successive imaging method is used to construct the velocity potential for the case of two touching spheres with different truncations and for two spheres with various separations. In section III, the residual normal velocity is evaluated for two touching spheres with different truncations of the velocity potential. To avoid truncation errors or lengthy numerical computation in computing the residual normal velocity, a recursive procedure is constructed to evaluate spherical harmonics on a spherical surface which does not have the same origin as the harmonics. In section IV, the interacting force on a sphere is found by directly integrating the local pressure on the spherical surface.
The construction of the velocity potential
The case of two spheres of radii R 1 and R 2 moving in an ideal liquid at rest at infinity, with steady velocities U and U 2 , respectively, in the negative X direction is shown in Fig. 1 . Spherical coordinates r, 0, v, and r 2 , 02, p are fixed at the centers of the spheres at O1 and 02, respectively. The Cartesian coordinate system has its origin at the mid-point on the line joining the centers of the two spheres with the X-axis perpendicular to this line. The polar angles 0 and 02 are measured from the Z-axis, and the angle qv is measured from X-axis in the X-Y plane. Although the general case will be retained for now, the particular case of interest is where U 1 = U 2 , RI = R2, for which case the surface z = 0 acts as a wall.
The total velocity potential I) at any point outside the spheres is the sum of that produced by the sphere of radius R 1 and by the sphere of radius R 2 , i.e.
